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The 
hoi
e of prior distributions

Priors are supposed to represent our state of belief before

the data was observed.

How should priors be 
hosen?

Is it a purely subje
tive matter?

In many 
ases, the 
hoi
e of the prior is di
tated by

obje
tive 
riteria [1, 8, 9, 7℄.

Maximum entropy and relative entropy 
onsiderations.

We will need some information theory.

Invarian
e 
onsiderations.

Computational e�
ien
y.

Analyti
 
onvenien
e.
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Some information theory

Developed by Claude Shannon (1916-2001) at the end of

the 1940s to study the transmission of signals over noisy


hannels. Qui
kly be
ame of fundamental importan
e in

s
ien
e, 
omputing and engineering.

In statisti
s, information theory is important for


onstru
ting priors and approximate inferen
e.
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Information

Information quanti�es the �surprise� asso
iated with

gaining knowledge about the value of a variable.

For a dis
rete variable x the information gain is

I (x) = − log p(x)

If the log is taken with base 2, the unit is the bit.

if the log is taken with base e, the unit is the nat.

Example

On tossing a 
oin, the 
han
e of 'tail' is 0.5.

If we learn that 'tail' o

urred, this amounts to

− log(0.5) = 1 bit of information.
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Information example

Unbiased versus biased di
e

You learn the out
ome is 2 for an unbiased di
e.

I (x = 2) = − log

(
1

6

)
≈ 1.79

You learn the out
ome is 2 for a biased di
e, with

p(2) = 1

4

> 1

6

.

I (x = 2) = − log

(
1

4

)
≈ 1.38
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Information entropy

The information or Shannon entropy S

x

is the expe
tation

of the information of a dis
rete variable x ,

S

x

= −
∑

x

p(x) log p(x) = −E [log p(x)]

S

x

rea
hes a maximum for the uniform 
ase.

S

x

be
omes zero if p(x) = 1 for one of the values of x .

Does not generalize to the 
ontinuous 
ase, whi
h would

be −
´

p(x) log p(x)dx .

The �entropy� 
an be
ome negative.

Not invariant under a transformation of variables.

The dis
rete Shannon entropy for N →∞ does not have

the 
ontinuous 
ase as limit.
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Kullba
k-Leibler divergen
e

The Kullba
k-Leibler divergen
e provides a relative

entropy for the 
ontinuous 
ase.

A natural measure of �distan
e� between two probability

distributions.

KL [p ‖ q] =
∑

x

p(x) log
p(x)

q(x)

KL [p ‖ q] =

ˆ

p(x) log
p(x)

q(x)
dx

Not a real �distan
e� (metri
) as it is not symmetri
 and

does not respe
t the triangle inequality.
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KL divergen
e interpretation

If we have a posterior distribution p and a prior

distribution π, the quantity

I = KL[p ‖ π]

is a measure of the information gained when one revises

one's beliefs from the prior probability distribution π to

the posterior probability distribution p.

In other words, it is the amount of information lost when

π is used to approximate p.
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Mutual information

Measures the how dependent two random variables are.

How mu
h information do you gain about x if y is given?

The mutual information measures the KL divergen
e

KL [p(x , y) ‖ p(x)p(y)] between the joint distribution and

the produ
t of the marginals .

I

x ,y =
∑

x

∑

y

p(x , y) log
p(x , y)

p(x)p(y)

I

x ,y =

ˆ

x

ˆ

y

p(x , y) log
p(x , y)

p(x)p(y)
dydx

The measure is non-negative and, unlike the KL,

symmetri
.
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Choi
e of prior distributions

The prior distribution ideally re�e
ts the state of belief

before any data was observed.

It is often said that the 
hoi
e of priors is ne
essarily

�subje
tive�, but this is not the 
ase.

Maximum Entropy priors for the �nite, dis
rete 
ase.

Je�reys priors for the univariate, 
ontinuous 
ase.

Referen
e priors for the general 
ase (at least in theory).

Sometimes, in pra
ti
e, priors are 
hosen for


omputational or analyti
al 
onvenien
e.
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Prin
iple of indi�eren
e

The prin
iple of indi�eren
e or prin
iple of insu�
ient

reason goes all the way ba
k to Bayes and Lapla
e.

For a variable that adopts K values, whi
h are

indistinguishable ex
ept for their label, the prior belief is

1

K

for ea
h value (ie. the uniform distribution).

This is a spe
ial 
ase of a maximum entropy prior.



An overview

of Bayesian

inferen
e

Part II

Thomas

Hamelry
k

Prior

distributions

Model

sele
tion

Bayes and

statisti
al

physi
s

Probability

kinemati
s

Foundations

of Bayes

Maximum entropy priors

Consider a dis
rete, �nite random variable

k = {1, 2, . . . ,N}. What should we pi
k as prior for k

given its mean k̄ ?

k̄ =
N∑

k=1

p(k)k

The solution is to pi
k the distribution with maximum

information entropy whi
h is 
ompatible with the mean [7℄.
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Brandeis di
e problem I

The mean of an unbiased di
e is 3.5, but we know the di
e

is biased with mean 4.5. What should be the prior over

the 6 values of the di
e?

The method of Lagrange multipliers 
an be used to

optimize a fun
tion under some 
onstraints.

L =

Entropy︷ ︸︸ ︷

−
6∑

k=1

p

k

log p

k

−α

C1:Normalization︷ ︸︸ ︷

(
6∑

k=1

p

k

− 1) −β

C2:Mean︷ ︸︸ ︷

(
6∑

k=1

p

k

k − k̄)
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The method of Lagrange multipliers I

Maximize f (x , y) subje
t to the 
onstraint g(x , y) = 


(shown in red).

1

The point where the red line tangentially

tou
hes the blue 
ontour is the solution.

1

Pi
ture from Wikipedia.
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The method of Lagrange multipliers II

If f (x
0

, y
0

) is a (
onstrained) maximum, then there exists

α su
h that (x
0

, y
0

, α) is a stationary point for the

Lagrange fun
tion,

L(x , y , α) = f (x , y) − αg(x , y).

Stationary points are those points where the partial

derivatives of L(x , y , α) are zero.

∂L(x , y , α)

∂x
=

∂L(x , y , α)

∂y
= 0

This is a ne
essary (but not su�
ient) 
ondition for

optimality in 
onstrained problems.
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Brandeis di
e problem II

Solve the Lagrangian by setting the partial derivatives to

zero.

∂L(p, α, β)

∂p
k

= 0 = − log(p
k

)− 1− α− βk ,

whi
h leads to p

k

= exp(−1− α− βk).

Eliminating α results in an exponential expression

p

k

=
1

Z

exp (−βk) .

β 
an be obtained numeri
ally, whi
h for k̄ = 4.5 results in

p ≈ {0.05, 0.08, 0.11, 0.16, 0.24, 0.35}
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Je�reys prior

MaxEnt 
an break down in the 
ontinuous 
ase.

Example: MaxEnt on the positive real line

For θ ∈ R
+
, the MaxEnt prior is the uniform distribution.

If we reparametrize θ, the 
orresponding transformed

uniform density will NOT ne
essarily be uniform.

The Je�reys prior is invariant under reparametrization of θ,

p(θ) ∝
√
I(θ)

where I(θ) is the Fisher information.
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Why is the Je�reys prior invariant?

The Fisher information has the following property under a

transformation of variables y = f (x).

I(y) = I(x)

(
dx

dy

)
2

⇒
√
I(y) =

√
I(x)

∣∣∣∣
dx

dy

∣∣∣∣

Now let's examine what happens when we pi
k a prior

π(x) =
√
I(x) under a 
hange of variables y = f (x)

π(y) = π(x)

∣∣∣∣
dx

dy

∣∣∣∣← (true for all priors)

∝
√
I(x)

∣∣∣∣
dx

dy

∣∣∣∣

=
√
I(y)

.



An overview

of Bayesian

inferen
e

Part II

Thomas

Hamelry
k

Prior

distributions

Model

sele
tion

Bayes and

statisti
al

physi
s

Probability

kinemati
s

Foundations

of Bayes

Je�reys prior for a Gaussian with known µ

The Je�reys prior π(σ) ∝
√
I(σ) for a Gaussian with

unknown σ and known µ is given by

π(σ) =

√√√√√EN (x |µ,σ2)



(
(x − µ)2 − σ2

σ3

)
2




=

√√√√√√√

+∞
ˆ

−∞

N (x | µ, σ2)

(
(x − µ)2 − σ2

σ3

)
2

︸ ︷︷ ︸
(d log p/dσ)2

dx

=

√
2

σ2

∝
1

σ

This is an improper prior - it's not a proper PDF.
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Harold Je�reys - Bayesian pioneer

Sir Harold Je�reys (1891-1989) was an English

mathemati
ian, statisti
ian, geophysi
ist and astronomer.

His book �Theory of Probability� (1939) played an

important role in the revival of the Bayesian view of

probability.
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Referen
e priors

Referen
e priors generalize MaxEnt and Je�reys priors.

Key idea: maximize the expe
ted KL divergen
e between

posterior and prior.

E
d

[
ˆ

p(θ | d) log
p(θ | d)

π(θ)
dθ

]

This maximizes the information brought in by the data.

That is, the prior is maximally �vague�.

This expression is invariant under a 
hange of variables.

Often referen
e priors are improper (see below). This is

�ne as long as the posterior is a proper density.

Can be seen as a sequential appli
ation of Je�reys' rule for

priors.
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Empiri
al Bayes estimation of prior parameters

In proper Bayesian inferen
e, the parameters α of the prior

are given and known.

p(h | d) ∝ p(d | h)π(h | α)

If not, one 
an �
heat� and use a ML point estimate for

the parameters of the prior.

α̂
EB

= arg max

α
p(d | α) =

ˆ

p(d | h)π(h | α)dh

One obtains an approximation of a Bayesian posterior.

p

EB

(h | d) ∝ p(d | h)π(h | α̂
EB

)
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Conjugate priors

A 
onjugate prior is a prior that has the 
onvenient

analyti
al property that the posterior has the same form as

the prior.

Analyti
al 
onvenien
e does not ne
essarily lead to a good


hoi
e for the prior!

Some 
lassi
 examples of likelihoods and their 
onjugate

priors.

Binomial/Beta

Categori
al/Diri
hlet

Poisson/Gamma

Normal (µ unknown, σ2 known)/Gamma

Exponential/Gamma
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Example: the Binomial distribution with a Beta prior

The binomial distribution gives the probability of k

su

esses in n trials.

p(k | θ, n) =

(
n

k

)
θk(1− θ)n−k

Posterior for a Beta prior

p(θ | k , n) ∝

Likelihood︷ ︸︸ ︷
θk(1− θ)n−k

Beta prior︷ ︸︸ ︷
θα−1(1− θ)β−1

= θk+α−1(1− θ)n−k+β−1

The posterior is also a Beta distribution. The parameters

α and β of the Beta prior 
an be 
onsidered as added

pseudo
ounts for su

ess and failure.
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Improper priors

Priors that are not valid PDFs are 
alled improper priors.

This is a

eptable, as long as the posterior is

well-behaving.

In pra
ti
e, it is best to avoid su
h priors as it leads to

non-generative models � it is formally not possible to

generate samples from these models

2

.

Example: Je�reys prior for the Gaussian σ

The Je�reys prior π(σ) ∝
√
I(σ) for a Gaussian with

unknown σ and known µ is given by

1

σ .

2

http://andrewgelman.
om/2017/06/18/dont-say-improper-prior-say-non-

generative-model/
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The problem of model sele
tion

So far, we have assumed that the problem of inferen
e is

limited to the model's parameters. But often, we also have

to de
ide on what model(s) to use.

Model sele
tion examples

How many mixture 
omponents should we use for a

mixture model?

For data on the real line, should we use a Gaussian or a

Student-t distribution?

The latter has �fatter tails�.

The degree of the polynomial in polynomial 
urve �tting.
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Bayes fa
tor

The Bayesian tool to sele
t the best model is the Bayes

fa
tor � the ratio of the respe
tive probabilities of the data

d given the two di�erent models M1 and M2.

B =
p(d | M

1

)

p(d | M
2

)

=
p(M

1

| d)p(d)

p(M
1

)
×

p(M
2

)

p(M
2

| d)p(d)

=
p(M

1

| d)

p(M
2

| d)

/
p(M

1

)

p(M
2

)

Hen
e, the Bayes fa
tor measures how the data a�e
t the

belief in M1 and M2 relative to the prior information on

the models.
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Cal
ulation of the Bayes fa
tor

Cal
ulation of the Bayes fa
tor requires integrating out the

model parameters.

B =
p(d | M

1

)

p(d | M
2

)
=

´

p(d | θ
1

,M
1

)π(θ
1

| M
1

)dθ
1

´

p(d | θ
2

,M
2

)π(θ
2

| M
2

)dθ
2

The frequentist way to model sele
tion makes use of the

likelihood ratio, whi
h uses the maximum likelihood

estimate θ̂
ML

instead of integrating out the unknown

parameters.

L =
p(d | θ̂

ML,1

,M
1

)

p(d | θ̂
ML,2,M2

)
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Interpretation of the Bayes fa
tor

The Bayes fa
tor is typi
ally interpreted using a s
ale

introdu
ed by Je�reys

Je�reys' s
ale - If log(B)...

is below 0, the eviden
e is against M1 and in favor of M2.

is between 0 and 0.5, the eviden
e in favor of M1 and

against M2 is weak.

is between 0.5 and 1, it is substantial.

is between 1 and 1.5, it is strong.

is between 1.5 and 2, it is very strong.

is above 2, it is de
isive.
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Bayesian information 
riterion (BIC)

The 
al
ulation of the Bayes fa
tor is often intra
table. In

that 
ase, one 
an approximate log p(d | M) as follows

log p(d | M) ≈ BIC = log p(d | θ̂
ML

,M)−
1

2

Q log(R)
︸ ︷︷ ︸

Penalizes parameters

where θ̂
ML

is the ML estimate, R is the number of data

points and Q is the number of free parameters in θ̂
ML

.

This approximation is based on the Lapla
e approximation,

whi
h involves approximating a PDF as a Gaussian

distribution 
entered at its mode.

The model with the highest BIC is the best model.
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(Akaike) An information 
riterion (AIC)

Pi
k the model with highest AIC (Akaike,1974).

AIC = 2 log p(d | θ̂
ML

,M)− 2Q.

The AIC and BIC look similar but are justi�ed in di�erent

ways. The AIC aims for the model that minimizes the KL

divergen
e with the �true�, but unknown model p

T

(d).

Sin
e p

T

(d) is unknown, the AIC uses the expe
ted

negative of KL[p
T

‖ p],

AIC ≈ E
d

2


Ed

1

[
log p(d

1

| θ̂
ML,d

2

,M)
]

︸ ︷︷ ︸
−KL[p

T

‖p]+C




︸ ︷︷ ︸
Expe
tation over p

T

.

Both expe
tations are taken with respe
t to the true, but

unknown, model p

T

(d).
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Devian
e information 
riterion (DIC)

Often, the posterior is only available as samples. But we

need the ML estimate for the BIC and the AIC. In that


ase, we 
an sele
t the model with the smallest DIC.

DIC = p

D

+ D

D is the devian
e. The larger D, the worse the �t.

D(θ) = −2 log(p(d | θ))

D is the expe
ted devian
e, 
al
ulated from the

posterior samples.

D = E
p(θ|d) [D(θ)]

p

D

estimates the e�e
tive number of parameters.

p

D

= D − D(θ)
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Why statisti
al physi
s?

It's an old example of Bayesian reasoning � in disguise.

Uses (additive) energies instead of (multipli
ative)

probabilities.

StatPhys methods are widely used in ma
hine learning.

Belief propagation methods were �rst proposed by the

physi
ist Hans Bethe in the 1930s and later redis
overed

in statisti
s, 
omputer s
ien
e and 
ommuni
ation

engineering for inferen
e of graphi
al models.

The Forward-ba
kward and Viterbi algorithms for HMMs


an be seen as examples of belief propagation.

StatPhys 
on
epts su
h as phase transitions 
an be used

to understand ma
hine learning methods.

Problems su
h as protein stru
ture predi
tion require both

StatPhys and Bayes [6℄.
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On energies and probabilities

We 
onsider a physi
al system that 
an adopt a number of

mi
rostates M = {m
1

,m
2

, . . . ,m
N

} with probabilities

P = {p
1

, p
2

, . . . p
N

} and energies E = {e
1

, e
2

, . . . , e
N

}.

Now, suppose we are given the average energy e, also


alled the internal energy u.

u = e =

N∑

n=1

e

n

p

n

Given only u, 
an we infer the probabilities of the

individual states, that is, P?

This 
an be solved using a Maximum Entropy approa
h,

entirely equivalent to the approa
h we used for the

Brandeis di
e problem.
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Boltzmann distribution I

The resulting Lagrangian is

L =

Entropy︷ ︸︸ ︷

−
N∑

n=1

p

n

log p

n

−α

C1:Normalization︷ ︸︸ ︷

(

N∑

n=1

p

n

− 1) −β

C2:Mean energy︷ ︸︸ ︷

(

N∑

n=1

p

n

e

n

− u)

As with the di
e problem, the solution is

p

n

=
1

Z

exp (−βe
n

)

with Z =
∑

N

n=1

exp (−βe
n

) . This is 
alled the Boltzmann

distribution.

Z (for �Zustandssumme�) is the partition fa
tor.
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Boltzmann distribution II

The value of β is determined by the 
onstraint

u = e =
N∑

n=1

e

n

p

n

=
1

Z

N∑

n=1

e

n

exp (−βe
n

)

In physi
s, β relates to the inverse of the temperature,

1

T

.

Any probability distribution 
an be 
ast as a Boltzmann

distribution, by 
hoosing βe
n

equal to − log(p
n

).

The advantage is that energies 
an be added, while

probabilities need to be multiplied.

The result 
an be summarized as

probability =
1

Partition fa
tor

exp

(
−

Energy

Temperature

)
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Mi
rostates and ma
rostates

Suppose we are interested in the probability of a set of

mi
rostates, whi
h make up a ma
rostate M. What is the

probability p

M

of M?

p

M

=
1

Z

∑

i :m
i

∈M

exp (−βe
i

)

where the sum runs over all mi
rostates m

i

in M.

Now 
onsider the ratio of probabilities of two ma
rostates

M and N.

p

M

p

N

=

∑
i :m

i

∈M exp (−βe
i

)
∑

j :n
j

∈N exp (−βe
j

)
=

Z

M

Z

N

Note that the overall Z 
an
els.
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Free energy

The Boltzmann fa
tor exp(−βe
n

) gives the relative

probability of mi
rostate m

n

. In analogy, we de�ne a

Boltzmann fa
tor for ma
rostates.

p

M

p

N

=
Z

M

Z

N

=
exp(−βf

M

)

exp(−βf
N

)

where f

M

, f

N

are the free energies of ma
rostates M,N.

Example: Protein folding

What is the ratio of folded versus unfolded proteins?

p

Folded

p

Unfolded

=
Z

F

Z

U

=
exp(−βf

Folded

)

exp(−βf
Unfolded

)



An overview

of Bayesian

inferen
e

Part II

Thomas

Hamelry
k

Prior

distributions

Model

sele
tion

Bayes and

statisti
al

physi
s

Probability

kinemati
s

Foundations

of Bayes

Entropy

Suppose we know the average energy e

M

for a ma
rostate

M, e

M

=
∑

i :m
i

∈M p

i

e

i

.

We want to relate e

M

to the relative probability

exp(−βf
M

) of ma
rostate M.

p

M

∝ exp(−βf
M

) =?× exp(−βe
M

)

The unknown fa
tor is related to the entropy s

M

of M.

p

M

∝ exp(−βf
M

) = exp(s
M

)× exp(−βe
M

)

The fa
tor C = exp(s
M

) spe
i�es how many times the

Boltzmann fa
tor of the average energy of M needs to be


ounted to arrive at the full relative probability of M.

The entropy is a measure of the extent of M.
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Potential of mean for
e

Yet another important quantity in StatPhys.

Suppose we assign an energy e(x , y , z) to a positional


oordinate (x , y , z),then

p(x , y , z) ∝ exp(−βe(x , y , z))

Consider the marginal probability p(x).

p(x) ∝

ˆ

y

ˆ

z

exp(−βe(x , y , z))dzdy

Now, per de�nition

p(x) ∝ exp(−βPMF(x))

Hen
e, the PMF above 
an be 
onsidered as a �free energy

for marginals�, as it relates to a marginal probability

through yet another Boltzmann fa
tor.
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StatPhys summary

StatPhys uses energies instead of probabilities.

The Boltzmann fa
tor exp(−βE) relates a (general)

energy E to a relative probability.

An energy e

n

relates to the probability p

n

of an individual

mi
rostate m

n

.

A free energy f

M

relates to the probability p

M

of a

ma
rostate M .

A ma
rostate is a 
olle
tion of mi
rostates {m
1

, . . . ,m
N

}.
The entropy s

M

is a measure of the extent of a

ma
rostate M.

exp(−βf
M

) ∝ exp(s
M

) exp(−βu
M

)

A potential of mean for
e PMF(x) relates to a marginal

probability p(x).
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Limits of standard Bayesian updating

Sometimes, the nature of new information does not quite

�t within the usual Bayesian 
al
ulus [2, 6℄.

Example

Suppose you have a probability distribution p(x
1

, . . . , x
N

)
over an N-dimensional ve
tor x.

You get new information about x in the form of p(y),
where y is a one-dimensional random variable that is a

deterministi
, many-to-one fun
tion y = f (x) of x.

p(y) brings new information about a partition of x.

How do you update p(x)?
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Example: Whitworth's horses

Three ra
ing horses A,B and C have a probability of

winning equal to

2

11

, 4

11

and

5

11

.

New information 
hanges the probability of A winning to

1

2

. How do we update the probabilities of B and C

winning?

p(A loses) = (1− 2

11

) = 9

11

p(A loses) was de
reased by a fa
tor

11

18

, as

9

11

× 11

18

= 1

2

.

A 
an lose in two ways � either B or C wins.

We 
an thus postulate that p(B wins) and p(C wins)
both de
rease by the same fa
tor [2℄.

{
p(B wins) = 4

11

× 11

18

= 2

9

p(C wins) = 5

11

× 11

18

= 5

18
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Je�rey's 
onditioning or probability kinemati
s

The solution the Whitworth's horses problem follows from

Je�rey's 
onditioning or probability kinemati
s [2℄.

This form of Bayesian updating was proposed by the

Ameri
an philosopher of probability Ri
hard C. Je�rey

3

(1926-2002) in the 1950s.

3

Not Harold Je�reys (1891 � 1989).
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Je�rey's 
onditioning in a
tion

We have a PDF p(x) = p(x
1

, . . . , x
N

) .

Consider a partition E = {E
1

,E
2

, . . .E
N

} with probabilities

p(E
1

), p(E
2

) . . . Note that these follow from p(x).

Now we re
eive updated probabilities p

∗(E
1

), p∗(E
2

) . . .

How do we update p(x) given p

∗(E
1

), p∗(E
2

) . . .?

Solution

We assume that the 
onditional probabilities within the

partition's elements stay the same. Thus

p(x) = p(x | E
x

)p(E
x

)⇒ p

∗(x) = p(x | E
x

)p∗(E
x

)

where E

x

is the partition element that 
ontains x.
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The referen
e ratio method

Often, the 
onditional p(x | E
x

) is not available. In that


ase, the referen
e ratio formulation of Je�rey's


onditioning applies [6, 5℄.

p

∗(x) = p(x | E
x

)p∗(E
x

)

=
p(E

x

| x)p(x)

p(E
x

)
p

∗(E
x

)

=
p

∗(E
x

)

p(E
x

)
p(x)

This form of JC has been used heuristi
ally in protein

stru
ture predi
tion for 20 years under the (mistaken)

designation �potential of mean for
e� [5, 6℄.
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Appli
ation to Whitworth's horses

We know

p(A loses) = 1−
2

11

=
9

11

p

∗(A loses) =
1

2

p(B wins) =
4

11

Following the referen
e ratio method, we obtain

p

∗(B wins) = p(B wins | A loses)p∗(A loses)

=
p

∗(A loses)

p(A loses)
p(B wins)

=

(
1

2

×
11

9

)
4

11

=
2

9
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Why Bayes?

There are good reasons to prefer the Bayesian

interpretation of probability over its alternatives. The

three most 
ommon justi�
ations are:

If one adopts a small set of requirements (formulated as

axioms) regarding beliefs in
luding respe
ting the rules of

logi
, the rules of probability theory ne
essarily follow.

de Finetti's theorem states that if a data set follows


ertain 
ommon 
onditions, an appropriate probabilisti


model for the data ne
essarily 
onsists of a likelihood and

a prior.

In gambling, the use of beliefs that follow the Bayesian


al
ulus avoids situations of 
ertain loss for a bookmaker.
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Ri
hard Threlkeld Cox

Ri
hard Threlkeld Cox (1898 � 1991), professor of physi
s

at Johns Hopkins University, USA.

He studied probability theory, the s
attering of ele
trons,

and the dis
harges of ele
tri
 eels.

He published his famous axioms in 1946. His book �The

algebra of probable inferen
e� appeared in 1961.
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The Cox axioms I

The Cox axioms emerge from a small set of requirements;

properties that 
learly need to be part of any 
onsistent


al
ulus involving degrees of belief. Informally, the Cox

axioms state:

Consisten
y with logi
, when beliefs are absolute (True or

False).

Di�erent ways of reasoning lead to the same result.

Identi
al states of knowledge, di�ering by labelling only,

lead to the assignment of identi
al degrees of belief.

From these axioms, the rules of probability follow,

in
luding the sum and produ
t rule and Bayes' theorem.
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The Cox axioms II

A degree of belief in a is expressed as a real number B(a).

Degrees of belief are ordered.

If B(a) > B(b) and B(b) > B(
) then B(a) > B(
).

There is a fun
tion F that 
onne
ts the beliefs in a

proposition a and its negation ∼ a:

B(a) = F [B(∼ a)]

If we want to 
al
ulate the belief that a and b are true, we


an �rst 
al
ulate the belief that b is true, and then the

belief that b is true given that a is true. Sin
e the

labelling is arbitrary, we 
an swit
h a and b around, whi
h

leads to the existen
e of a fun
tion G:

B(a, b) = G [B(a | b)B(b)] = G [B(b | a)B(a)]
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The Cox axioms III

Surprisingly, this simple set of axioms is su�
ient to

pinpoint the rules of probabilisti
 inferen
e 
ompletely.

As expe
ted, the fun
tions F and G turn out to be

F(x) = 1− x

G(x , y) = xy

In parti
ular, the axioms lead to the two 
entral rules of

probability theory. To re
all, these rules are the produ
t

rule

p(a, b) = p(a | b)p(b) = p(b | a)p(a)

whi
h dire
tly leads to Bayes' theorem, and the sum rule

p(a) =
∑

b

p(a, b)
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The ex
hangeability argument

de Finetti's representation theorem essentially

guarantees a likelihood and a prior for ex
hangeable data.

For ex
hangeable data, any permutation of the data does

not alter the joint probability distribution.

Let us 
onsider the 
ase of an ex
hangeable series of N

Bernoulli random variables

4

, 
onsisting of zeros and ones.

Then, de Finetti's theorem guarantees that the joint

probability distribution of the data 
an be written as:

p(x
1

, . . . , x
N

) =

1

ˆ

0

{
N∏

n=1

θxn(1− θ)xn

}

︸ ︷︷ ︸
Likelihood

π(θ)︸︷︷︸
Prior

dθ

4

A binomial distribution with n = 1.
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The Dut
h book argument

If you have a belief B(x) = 0.8 in an event x , then you

should a

ept the following bet with odds:

{
if x is true, you win > 2$

if x is false, you lose 8$

Unless your beliefs satisfy the rules of probability theory,

in
luding Bayes' rule, there exists a set of bets (
alled a

�Dut
h Book") whi
h you are willing to a

ept, and that

will make you lose money, no matter what the out
ome.

The only way to avoid the possibility of a Dut
h Book is

to ensure that your beliefs satisfy the rules of probability.
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Bayes and Maximum Relative Entropy I

Updating a prior to a posterior distribution follows the

general prin
iple of Maximum Relative Entropy (MRE) [4℄.

Note that we now 
onsider joint distributions p(x , θ) over
the produ
t of the data and the parameter spa
e,

(x , θ) ∈ X ×Θ.

New information is brought in under the form of


onstraints.

The sele
ted posterior p

new

(x , θ) maximizes the relative

entropy

S [p, p
old

] = −

ˆ ˆ

p(x , θ) log
p(x , θ)

p

old

(x , θ)
dxdθ

under suitable 
onstraints.
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Bayes and Maximum Relative Entropy II

Depending on the 
onstraints, we re
over di�erent

methods of belief updating.

If the value of x is known to be x

′
, we re
over 
lassi


Bayesian updating.

p(x) =

ˆ

p(x , θ)dθ = δ(x − x

′)

From this 
onstraint, the posterior be
omes

p

new

(x , θ) =
p

old

(x , θ)δ(x − x

′)

p

old

(x)
= δ(x − x

′)p
old

(θ | x)

whi
h 
orresponds to the familiar Bayesian updating,

p

new

(θ) = p

old

(θ | x ′).
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Bayes and Maximum Relative Entropy III

From the expe
ted value of a fun
tion f (θ), we re
over

Maximum Entropy updating.

ˆ ˆ

f (θ)p(x , θ)dxdθ = 〈f (θ)〉 = F

⇒ p

new

(x , θ) = p

old

(x , θ)
exp (βf (θ))

Z

Suppose we have data that 
ome with some un
ertainty.

From the marginal distribution of x , p(x), we re
over

Je�reys' 
onditioning.

p(x) =

ˆ

p(x , θ)dθ = p

D

(x)

⇒ p

new

(x , θ) = p

D

(x)p
old

(θ | x)
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S
ien
e as Bayesian inferen
e

Physi
ist Edwin Jaynes (1922 �1998) saw the s
ienti�


method as an appli
ation of Bayesian inferen
e [7℄.

Update prior belief based on data. Predi
t. Repeat.

Following the Cox axioms, Bayesian inferen
e is seen as an

extension of logi
 in the fa
e of un
ertainty.

�The logi
 of s
ien
e� appeared posthumously in 2003.
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The Bayesian brain

The brain seems to have an underlying Bayesian model of

reality [3℄, that is updated using sensory input.

Likelihood =probability of sensory data, given their 
auses.

Prior=the a priori probability of those 
auses.

Posterior=probability of the 
auses, given sensory data.
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Summary of part II

The 
hoi
e of the prior distribution.

MaxEnt, Je�reys and referen
e priors.

Empiri
al Bayes.

Improper priors and 
onjugate priors.

Model sele
tion.

Bayes fa
tor, DIC, BIC and AIC.

StatPhys.

Boltzmann distribution and energy.

Free energy (and entropy) and potentials of mean for
e.

Je�rey's 
onditioning and the referen
e ratio method.
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